フクゴウ セキブンソク ノ ジョウヨコウ ニ ツイテ スウチ カイセキ ト ソノ アルゴリズム by 秦野, 和郎
Title複合積分則の剰余項について(数値解析とそのアルゴリズム)
Author(s)秦野, 和郎










, , (Composite(or Com-
pound) Quadrature Rule) . ,
$=$ $+$ (1.1)
. , Euler-Maclaunn . $g_{j}=$




. , $\overline{B}_{k}(t)$ : $t\in(-\infty, \infty)$ $k$ Bernouffi (periodic Bernoul-
lian function, $Bernou\mathbb{I}i$ monospline) ,
$\frac{te^{xt}}{e^{t}-1}=\sum_{k=0}^{\infty}B_{k}(x)\frac{t^{h}}{k!}$ : $|t|<2\pi$ (13)
$Bernou\mathbb{I}i$ , $B_{k}(x)$ : $x\in[0,1|$ 1
. , $B_{h}=B_{h}(0)$ : $k\geq 0$ Bernouffi .
. , Euler-Maclaurin
. $+1/2=\0+(j+1/2)h$ : $j=\cdots,$ $-1,0,1,$ $\cdots$ , Euler-













Simpson , (1.1) .
Simpson . ,
Simp$(f;ae_{0}, x_{n}, n)= \frac{h}{6}\sum_{j=0}^{n-1}\{f(x_{j})+4f(x_{j+1/2})+f(x_{j+1})\}\approx\int_{l_{0}}^{ae_{n}}f(x)dx$. (2.1)
. Simpson , (1.1) , Euler-Maclaunn
(Steffensen [5] ). $x;+\alpha=x_{0}+(j+\alpha)h$ : $0\leq j\leq$











. Bernoulli , .
(23) ,
$\frac{1}{6}\{B_{h}(0)+4B_{k}(\frac{1}{2})+B_{k}(1.1)\}=Simp(B_{k}, 0,1,1)$ (2.4)
, Bernoulli , $\int_{0^{1}}B_{k}(ae)dae=0$ : $k\geq 1$ , Simpson
. Simpson 3 . ,
222
(2.3) , $k=1,2,3$ . ,
$\{\begin{array}{l}-B_{1}(0)=B_{1}(1.1)’ B_{1}(\frac{1}{2})=0B_{2k-1}(0)=B_{2k-1}(\frac{1}{2})=B_{2k-l}(1.1)=0.k\geq 2B_{2k}(0)=B_{2k}(1.1).k\geq 1\end{array}$ (25)






. , Simpson . ,
$n$ , $h/2$ $2n+1$ .







, Simpson , Euler-Maclaurin
, (1.1) .
. , , Newton-Cotes , Gauss-Legendre




, Newton-Cotes . ,
. . Newton-Cotes ,
Newton-Cotes .
3.1. Newton-Cotes
[7] , 4 Newton-Cotes ,
$\int^{l_{4}}ae0f(x)dx=\frac{2h}{45}\{7f(ae_{0})+32f(x_{1})+12f(x_{2})+32f(x_{\})+7f(x_{4})\}$
(31)
$- \frac{8h^{7}}{945}f^{(6)}(\xi)$ : $\xi\in[x_{0}, x_{4}]$
. , 5 Newton-Cotes ,
$\int_{x_{O}}^{lg}f(x)dx=\frac{5h}{288}\{19f(x_{0})+75f(\_{1})+50f(x_{2})+50f(x_{\epsilon})+75f(x_{4})+19f(x_{5})\}$
$- \frac{275h^{7}}{12096}f^{(6)}(\xi)$ ; $\xi\in[x_{0}, x_{5}]$
(3.2)
. , Newton-Cotes “ $+1$
, Newton-Cotes “ ”
.
$2l$ , 21+1 Newton-Cotes ,
$\int_{x_{O}}^{x_{2l}}:+Eh^{2l+3}f^{(2l+2)}(\xi)$ : $\xi\in[x_{0}, x_{2l}]$ , (3.3)
$2l+1$
$\int_{x_{Q}}^{r_{2l+1}}f(x)dx=h\sum_{:=0}W_{i}f(x_{i})+Eh^{2l+S}f^{(2l+2)}(\xi)$ : $\xi\in[x_{0}, x_{2l+1}]$ (3.4)
. , $W_{i},$ $E$ [7] , $l\geq 1$ ,
$\sum_{i0}^{l_{=}}W_{i}=l$ . ,
$x_{i+i}/ \iota=x_{0}+(j+\frac{i}{l})h$ : $0\leq j\leq n-1,0\leq i\leq l$ (3.5)
, Newton-Cotes
$CNew_{l}(f;x_{0}, \_{n}, n)=\frac{h}{l}\sum_{j=0}^{n-1}\sum_{i=0}^{\iota}W_{*}\cdot f(x_{j+i/l})\approx\int^{x_{n}}ae0f(x)dx$ ($.6)
224




. , $[x]$ Gauss , $x$ , $W_{l-i}=W_{i}$ :
$0\leq i\leq[(l-1)/2]$ . ,
$\{\begin{array}{l}B_{2k-1}(1-t)=-B_{2k-1}(t).1\leq kB_{2k}(1-t)=B_{2k}(t).0\leq k\end{array}$ (38)
.
$\frac{1}{l}\sum_{i=0}^{l}W_{i}B_{k}(\frac{i}{l})=CNew_{l}(B_{h}, 0,1,1)\approx\int_{0}^{1}B_{h}(x)dx=0$ (3.9)
. $l$ $k\leq l+1$ , $l$ $k\leq l$ ,




. , $n$ , $h/l$ $ln+1$










. $G(t;l, m)$ ,
$\{\begin{array}{l}E(f\cdot.l,m,n)=\int_{0}^{n}G(t\cdot.l,m)dtf^{(2m+2)}(\xi).\xi\in[x_{0},x_{n}]\int_{0}^{n}G(t.\cdot l,m)dt=-\frac{n\cdot h^{2m+\}}{(2m+2)!}\cdot\frac{1}{l}\sum_{=0}^{l}W.\cdot B_{2m+2}(\frac{i}{l})\end{array}$ (313)
$\xi$ .
$G(t;l, m)$ .
(3.12) , Bernoulli , $0\leq\grave{t}\leq 1$ $G(1-t;l, m)=$
$G(t;l, m)$ .
$m\leq[l/2]$ , . , $n=1$ (Newton-Cotes ) ,
$m=[l/2]$ , . , $[l/2]$ $m$ .
$E(f;l, [l/2], 1)= \int_{a0}^{x_{1}}f(ae)dx-\frac{h}{l}\sum_{i=0}^{l}W_{i}f(x_{0+i[l})$ (3.14)
$E(ae^{2m+1} ; l, m, 1)=0$ . , Peano ,
$\{\begin{array}{l}E(f\cdot.l,m,1)=\int_{x_{0}}^{x_{1}}\overline{G}(y\cdot.l,m)f^{(2m+2)}(y)dy\overline{G}(y\cdot.l,m_{l})=_{y)^{m}}\frac{1}{(2m_{=}+1)!,+\{(W}\{\int_{-,(-}l(W....-y)^{2m}dx-\frac{h}{l}\sum_{i=0}^{l}W.\cdot(x.\cdot/\iota-y)_{+}^{2m+1}\}y^{0})^{1}x\geq y^{+l}x_{m_{0W<^{+}y}}\end{array}$ (315)
. , $x_{i/l}=x_{0}+ \frac{i}{l}h,$ $y=x0+ht$ ,
$\{\begin{array}{l}E(f.\cdot l,m,1)=\int_{0}^{1}G(t\cdot.l,m)f^{(2m+2)}(x_{0}+ht)dtG(t\cdot.l,m)=h^{2m+\}\{\frac{(1-t)^{2m+2}}{(2m+2)!}-\frac{1}{l}\sum_{i=0}^{l}W.\cdot\frac{(i/l-t)_{+}^{2m+1}}{(2m+1)!}\}\end{array}$ (3.16)
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. , $t=1$ , $2m+2$ , $G(t;l, m)$ $2m+1$
. $t=0$ $2m+1$ . , (3.12)
.




. $\lambda=1,2,$ $\cdots,$ $2m$
$\frac{1}{l}\sum_{i=0}^{l}W_{i}\overline{B}_{2m+2-\lambda}(\frac{i}{l})=\int_{0}^{1}B_{2m+2-\lambda}(x)dae=0$ ($.18)
. ,
$G^{(\lambda)}(0;l, m)=0$ : $\lambda=0,1,$ $\cdots,$ $2m$ (319)
. , $t=0$ $2m+1$ . $t=1$ $2m+1$
. ,
$G’( \frac{1}{2};l, m)=0$ (3.20)
.
$G(t;l, m)$ , $0\leq t\leq 1$
. , (Steffensen[5]).
$m>[l/2]$ , , $t=0,1$ $G(t;l, m)$ 2
. $G’(1/2;l, m)=0$ , . ,
, .
$G(t;l, m)$ .
$G(t;l, m)=- \frac{h^{2m+\}}{(2m+2)!}\cdot\frac{1}{l}\sum_{i=0}^{l}W_{i_{-}}\{B_{2m+2}(\frac{i}{l})-\overline{B}_{2m+2}(\frac{i}{l}-t)\}$ (3.21)
,
$B_{2m}(x)= \frac{(-1)^{m-1}2(2m)!}{(2\pi)^{2m}}\sum_{h=1}^{\infty}\frac{\cos 2k\pi ae}{k^{2m}}$ (3.22)
,
$\hat{G}(t;l, m)=\frac{(2\pi)^{2m+2}}{h^{2m+\}}$ . $G(t;l, m)$ (3.23)




[7] , 2 Newton-Cotes ,
$\int_{x_{O}}^{x_{4}}f(ae)d\epsilon=\frac{4h}{3}\{2f(x_{1})-f(x_{2})+2f(x_{\})\}+\frac{14h^{s}}{45}f^{(4)}(\xi)$ : $\xi\in[z_{0}, x_{4}]$ (3.24)
. , 3 Newton-Cotes ,
$\int_{l_{O}}^{xg}f(x)dx=\frac{5h}{24}\{11f(x_{1})+f(ae_{2})+f(\sim\epsilon)+11f(x_{4})\}+\frac{95h^{5}}{144}f^{(4)}(\xi)$ : $\xi\in[\sim 0, x_{5}]$
(3.25)
. , $2l-2$ , $2l-1$ Newton-Cotes ,




. Newton-Cotes $\sum_{i=1}^{l-1}W_{i}=l$ , $l-2$
Newton-Cotes
$ONew_{l}(f;x_{0}, x_{n}, n)= \frac{h}{l}\sum_{j=0}^{n-1}\sum_{:=1}^{l-1}W:f(x_{j+i/\iota})\approx’\int_{x_{0}}^{x_{n}}f(x)dx$ (3.28)
. $l-2$ Newton-Cotes $W_{l-i}=W_{i}$ : $1\leq$





. , . ,
$\int_{xo}^{x_{nl}}f(x)dx=h\sum_{j=0}^{n-1}\sum_{i=1}^{l-1}W_{i}f(x_{jl+i})$
$-h \sum_{h=[l/2]}^{m}\frac{l^{2h-1}}{(2k)!}\sum_{i=1}^{l-1}W_{i}B_{2k}(\frac{i}{l})h^{2k-1}\{f^{(2k-1}(x_{nl})-f^{(2h-1)}(x_{0})\}$





$x_{j+1/2}=x_{0}+(j+1/2)h$ : $j=0,1,$ $\cdots$ , $l-1$ $l-1$ Lagrange $o
$x_{l}$ , , $2l-1$ , $2l-2$
Newton-Cotes . ,
$l_{o}^{f(x)dx}x_{2l}=h \sum_{i=0}^{2l-1}W:f(x_{i+1/2})+Eh^{2l+1}f^{(2l)}(\xi)$ : $\xi\in[x_{0}, x_{2l}]$ , ($.31)
21-2
$\int^{x_{2\mathfrak{l}-1}}ae0f(x)dae=h\sum W_{i}f(x_{i+1/2})+Eh^{2l+1}f^{(2l)}(\xi)$ : $\xi\in[x_{0}, x_{2l-1}]$ (3.32)
$i=0$
. ,
$\int_{x_{Q}}^{x_{1}}f(x)dx=hf(x_{1/2})+\frac{h^{s}}{24}f’’(\xi)$ : $\xi\in[Z_{0}, X_{1}]$ , (3.3$)
$\int^{x_{2}}ae0f(x)dae=h\{f(x_{1/2})+f(x_{\/2})\}+\frac{h^{s}}{12}f’’(\xi)$ : $\xi\in[x_{0}, x_{2}]$ , (3.34)






$+275f(x_{9/2}) \}+\frac{5575h^{7}}{193536}f^{(6)}(\xi)$ : $\xi\in[ae_{0}, x_{5}]$ ,
$\int_{x_{0}}^{x_{6}}f(x)dx=\frac{3h}{640}\{247f(x_{1/2})+139f(x_{s/2})+254f(x_{S/2})+254f(x_{7/2})$









$+ \frac{3194621h^{9}}{58060800}f^{(9)}(\xi)$ : $\xi\in[x_{0}, x_{8}]$
(340)
. ,
$ae_{j+\beta(i)}=x_{0}+(j+ \frac{2i+1}{2l})h$ : $0\leq j\leq n-1,0\leq i\leq l-1$ ($.41)
, $l\geq 1$ , $\sum_{i=0}^{l-1}W:=l$ , $l-1$
Newton-Cotes . ,
$MNew_{l}(f;x_{0}, x_{n}, n)= \frac{h}{l}\sum_{j=0}^{n-1}\sum_{:=0}^{l-1}W_{i}f(x_{j+\beta(i)})\approx\int_{x_{0}}^{x_{n}}f(x)dx$ (3.42)
. , $W_{l-1-i}=W_{i}$ : $0\leq i\leq[l/2]-1$ ,












. $l$ Gauss-Legendre $2l-1$





$+ \frac{f^{(6)}(\xi)}{15750}$ . $\xi\in[-1,1]$
. ,
$\sum_{i=1}^{l}W:=2$ , $-1<A:<1$ $1\leq i\leq l$ (4.$)
[71 .
$x_{j+\gamma(i)}= 0+(j+\frac{A_{i}+1}{2})h$ : $0\leq j\leq n-1$ , $1\leq i\leq l$ (4.4)
, Gauss-Legendre ,




















$\cross$ { $\int_{0}^{1}B_{2k}(x)dx$ } (5.1)
$- \frac{h^{2m+\}}{(2m+2)!}\int_{0}$ { $\int_{0}^{1}[B_{2m+2}(x)$
$-\overline{B}_{2m+2}(x-t)]dx$ }
$\cross f^{(2m+2)}(x_{0}+ht)dt$
. $E(f;l, m, n)$ ,
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